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An examination is made of some aspects of the modeling of heat con- 
duction or diffusion process described by Fourier equations on analog 
computers. A scheme is given for reproducing a sum of exponential 
functions with the aid of a single amplifier and a group of switching 
circuits. 

A m a t h e m a t i c a l  desc r ip t ion  and ana lys i s  of a n u m -  
ber  of heat  conduction and diffusion phenomena may be 
obtained by solv ing  the F o u r i e r  d i f fe ren t ia l  equation 

O@ 
- -  = a V20 ( 1 )  
Or 

with appropr ia te  boundary condit ions,  
Accord ing  to the superpos i t ion  pr incip le ,  the 

gene ra l  solution of (1) may be r e p r e s e n t e d  by a sum 
of pa r t i cu l a r  solut ions of the type 

O(T, x, g, z) = Aq~(x, y, z) exp(--ak z'O. 

In solving applied p rob lems  the inves t iga tor  is 

e spec i a l l y  i n t e r e s t e d  in the v a r i a t i o n  of a s ta te  p a r a m -  
e t e r  ( t empe ra tu r e ,  concen t ra t ion ,  etc.  ) with t ime  
ce r t a in  c h a r a c t e r i s t i c  or  inves t iga ted  points of the 

sys tem 

O(x) = ~-I, Anexp(--a~x). (2) 
n ~ 0  

When (2) is e x p r e s s e d  by a slowly convergen t  

s e r i e s ,  it is expedient  to use analog compute r s  for 
ana lys is  of the p r o c e s s .  On un ive r sa l  analog c o m p u -  
t e r s ,  the r e p r e s e n t a t i o n  of s e r i e s  (2) is accompl i shed  
with the help  of de a m p l i f i e r s  opera t ing  in the a p e r i -  
odic link r e g i m e  (Fig. la ) :  

. E  

Ra -- i=1 , 

U ex (P) = 

Ri~ '~ Ro~ 1 
R:o~-+ R[.. ] ~ ( 1 #  Ro,C,p ) RoR, 

where  

Ue~ (p)--O(~), E R--~176 ~ Ao, 
R, 

" R~oi ) Ro~Ro ~ Ai, RoiCi ~ al. 
E R:o, + RIo, l~xtR, 

The ini t ial  condit ions A 0 and A i a r e  set  up with the 
help of po ten t iome te r s  Ray, and the exponents  cq--  

with R0i and Rex i. When a s e r i e s  containing n t e r m s  
has to be modeled ,  the s cheme  mus t  cons i s t  of n + 1 

a m p l i f i e r s :  The p r e s e n c e  of a l a rge  number  of a m p -  
l i f i e r s  and other  e l emen t s  leads to cons ide r ab l e  
e r r o r s  in model ing  and la rge  power r e q u i r e m e n t s .  
Fo r  this r ea son  a m o r e  economic  and r e l a t i v e l y  a c -  
cu ra te  c i r c u i t  is p roposed  containing only one a m p l i -  
f i e r  independently of the number  of t e r m s  of the 
s e r i e s  (Fig. lb).  The t r a n s f e r  function of the c i r c u i t  
is d e s c r i b e d  by a s i m i l a r  exp re s s ion :  

u ex (P) = (3) 

R~ - , ~ , R;o,  ~ RT~, . e ' . .  + R':., Rex, 

Coeff ic ients  A i and a i may be v a r i e d  with the help of 
po ten t iome te r s  Rin i and Rex i. When using s tandard  
dc a m p l i f i e r s  whose output vol tage d r i f t  does not e x -  
ceed  20 mV and whose input -s tage  gr id  c u r r e n t  is not  
m o r e  than 10 -8 A, and with ten t e r m s  of the s e r i e s ,  

the e r r o r  in r ep roduc ing  function (2) does not exceed  

o.2~. 
R e s i s t a n c e s  R 0 and Rexi mus t  not exceed  5 m e g a -  

' �9 ~" " /R '  �9 + R~x i) C i ohms.  The t ime  constant  (Rex 1, **exl exl  
is de t e rm ined  f rom the a m p l i t u d e - f r e q u e n c y  c h a r a c -  
t e r i s t i c s  of the dc a m p l i f i e r  in the o p e n - c i r c u i t  s ta te .  
Thus,  to at tain the n e c e s s a r y  a c c u r a c y  of r e p r e s e n -  
ta t ion (e. g. , 6%), it is suff ic ient  that  

RLR:.  1 
Ctr R:,i -ff R:,i Cl ~" fk>2.1o,/~, 

w h e r e f  is the f requency  at which the gain of the a m -  
p l i f ie r  is equal  to 2.  102/6. 

The use of analog compu te r s  is of g r e a t  p r ac t i ca l  
i n t e r e s t  in solving inve r se  p r o b l e m s - - t h e  evaluat ion  
of t he rmophys i ca l  or  diffusion constants  f rom the 
m e a s u r e d  va r i a t ion  of t e m p e r a t u r e  or  concen t ra t ion  
with t ime.  A technica l ly  s i m p l e r  and m o r e  convenient  
solut ion of an i nve r se  p rob lem may be accompl i shed  
using an au tomat ic  scan sys tem based  on the method 

o f  min imiza t ion  [1]. The e s s e n c e  of the method is the 
p r o g r e s s i v e  va r i a t ion  of the va r i ab le  coef f ic ien ts  and 
ini t ia l  condit ions of (3) in a d i rec t ion  which r educes  

the quanti ty 

w h e r e  ~ is  the e x p e r i m e n t a l  va lue  of t h e  s t a t e  p a r a m -  
e t e r  a t  d i s c r e t e  t i m e s  rj; | is the c o r r e s p o n d i n g  
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Fig. 1. Funct ional  c i rcu i t s  reproducing  se r i e s  (2): a) 
c i r cu i t  us ing  n ampl i f i e r s ;  b) c i r cu i t  for one ampl i f ie r .  

value of the s imula ted  state pa rame te r ;  m is the 
number  of expe r imen ta l  points.  

Before the s t a r t  of the scan,  let the var iab le  r e -  
s i s t o r s  of the c i r cu i t  be in any posi t ion,  c o r r e s p o n d -  
ing to definite values  of coeff icients  cq0 , oz20 , . . . ,  
C~io and A10, A20 . . . .  , Ai0. In the sea rch  for a so l -  
ution, one of the coeff ic ients ,  e . g . ,  ~z, is f i r s t  
var ied  unt i l  the quanti ty p a t ta ins  a min imum value at 
constant  values of the other coefficients .  Then the 
var ia t ion  of ~1 is stopped, and var ia t ion  of the next  
coeff icients  o~ z is begun, and so on. The process  con -  

t inues unt i l  p is less  than some previous ly  ass igned  
value e, for which the s imula ted  curve  of the process  
coincides  to the r equ i s i t e  degree  of accuracy  with 
the exper imen ta l  points.  This  pr inciple  has been used, 
in pa r t i cu la r ,  to build an automat ic  scanning sys tem 
in an analog computer  intended for the ana lys i s  of 
kinet ic  p roces se s  [1]. In this machine  d i sc re te  
changes of the coeff icients  a re  accompl ished  by means  
of voltage d iv iders  and e l ec t romechan ica l  step s e l e c -  
tors .  When the n u m b e r  of va r i ab les  and the extent  of 
the p rob lems  a re  large ,  it  is expedient  to replace  the 
e l ec t romechan ica l  switches by e lec t ron ic  ones. 

A possible  va r ian t  of the aper iodic  l ink with e l e c -  
t ronic  switching is shown in Fig. 2. Allowing for the 
finite values of the r e v e r s e  and forward r e s i s t ance s  
Rrk and Rfk of the switch (Fig. 3a and b), the t r a n s -  
fer  function of the equipment  designed to reproduce 
(2) will have the form 

Ro U ex (P) = U0 +_ UA~ ~ • 

i~l 

X I + R:,~ + R',,t RtK "{- Rf~ + RfKRtKC,p " 

The exact  value of the capaci tance  of the aper iodic  
link capaci tor  (Fig. 3b) is de t e rmined  from the ex -  
p ress ion  

Ct ~ Rt,cCicalc-~- Rf,Ctcal c -  1 

RrK - -  RrxRf~Ct calc. 

The dynamic e r r o r s  of the sys tem when switched 
to the r ep resen ta t ion  r eg ime  (Fig. 3c), due to the dif-  
fe rent  values of the leading edges (T~Z and Tr of 

A t 
T 

RIo.IR~oR,, R~, r i" l~ i i r.--s ' 

.To  

rR"~," Icommumof ,% E~k~)----- 

^lal  1^1-1 A,~ 

. . . . . . .  I ( i i  oo 
R" I L Comnmtator-d:i~rtl~ltor I 
Squi re -wave  generator / 

Fig. 2. Aperiodic  l ink of  one  t e r m  of  the s e r i e s  
with e lec t ron ic  switching. 
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Fig.  3. D i o d e - t r i o d e  swi tching c i r cu i t :  a) main  c i r cu i t ;  b) 
equiva len t  c i r c u i t  of e l e m e n t a r y  chain and swi tching  e l e -  
ments  in the r e p r e s e n t a t i o n  r e g ime ;  c) equiva len t  c i r c u i t  

of chain for d e t e r m i n i n g  dynamic  e r r o r .  

the con t ro l  vo l tages  Ue~ and Uc2, may be d e t e r m i n e d  
f rom the equat ion 

AUdyn=(Eb ~Uc~) [l__exp %~--zr ] . 2 R b C ~  

Thus,  with E b =  100 V, R b =  50 k i lohms ,  U e l =  60 V, 
7qbl- ~-~2 = 2 m i l l i s e e ,  C i = 0.02 pF,  and R b >> RfD4, 
the e r r o r  does not exceed  0.1%. Some d e c r e a s e  of 
this  dynamic  e r r o r  may  be ach ieved  by a d j u s t m e n t  
of the lead ing  edges  of the con t ro l  vo l tages  by means  
of c a p a c i t o r  Cad j.  

The r e m a i n i n g  c i r c u i t s  c o m p r i s i n g  the au tomat i c  
solut ion s e a r c h  s y s t e m  of the analog compute r  for  
a n a l y s i s  of k ine t ic  p r o c e s s e s  (the s y s t e m  for e v a -  
luat ing how c lose  the solut ion is to the a s s i g n e d  
value,  the s y s t e m  for choice  of d i r ec t ion  of eoe f f i -  
c ien t  va r i a t ion ,  etc .  ) may  be used  without any change 
for  solving the p r o b l e m s  examined .  

To solve i nve r se  p r o b l e m s  on analog c o m p u t e r s ,  it 
is n e c e s s a r y  to take into account  the poss ib i l i t y  of the 
solut ion being mul t iva lued ,  due both to the s y s t e m  
a s s u m e d  for eva lua t ing  the c o r r e s p o n d e n c e  of the s i -  
mula ted  curve  to the given e x p e r i m e n t a l  points ,  as  
wel l  as  to l ack  of s t r i c t  a g r e e m e n t  between the laws 
of the p r o c e s s  ac tua l ly  o c c u r r i n g  and its m a t h e m a t i c a l  
d e s c r i p t i o n  d e r i v e d  f rom the idea l i zed  boundary p r o -  
b lem.  Since the o r d e r  of magni tude  of the p a r a m e t e r s  
sought is u sua l ly  known, it  is expedien t ,  in au tomat i c  
solut ion s e a r c h ,  to l imi t  the range  of va r i a t i on  of the 
p a r a m e t e r s  to the reg ion  of r e a l  values  for a given 
conc re t e  p r o b l e m ,  us ing ve ry  s imp le  l imi t ing  c i r cu i t s .  
F r o m  the m a t h e m a t i c a l  d e s c r i p t i o n  of the p r o c e s s ,  
obta ined in g e n e r a l  form by so lv ing  the boundary  p r o -  
b lem,  the r a t i o  between p a r a m e t e r s  of the p r o c e s s  
may be e s t ab l i shed ,  thus making  it poss ib l e  to choose  
f rom a number  of se t s  of coef f ic ien t s  only those  which 
be s t  s a t i s fy  the p rob lem examined .  In a l l  c a s e s ,  it  is 
expedien t ,  in the au tomat i c  solut ion s e a r c h ,  to l i m i t  
as  much as  pos s ib l e  the number  of independent  c o e f -  
f i e ien ts  and the i r  range  of va r i a t ion ,  by in t roducing  
into the a u t o - s e a r c h  p r o c e s s  s u p p l e m e n t a r y  r e l a t i o n -  
ships  and l imi t s  de r iv ing  f rom the boundary p rob lem 
solut ion.  

As an example  we sha l l  examine  the heat ing of an 
infini te  plate acco rd ing  to the law of convect ion  [2] 

O O (x, , )  O: O (x, , )  . 
O T Ox 2 

�9 ~0;  - - r - ( . . x ~  + r ;  O(x, 0) =@o; 

a e ( r ,  3) 
0x 

OO(--r, 3) 

+ a l O c - - e ( r ,  x)] = 0; 

+ x  
Ox 

t- a[ec - - O ( - - r ,  x)l = 0. 

The t e m p e r a t u r e  on the pla te  su r f a c e  is d e t e r m i n e d  
by the e x p r e s s i o n  

@(r, x)--@o _ 1 - -  (-~ A,~exp(--anx), (4) 
0r - -  Oo 

where 

A , -  2sin 2h, a 
2TI, § sin 2TI, ' aN = ~ ~1;,, 

and Vn a r e  roo t s  of the equation 

~l, = rh/tg ~1~. 

Let it  be r e q u i r e d  to e s t i m a t e  the value of the r e -  
duced heat  t r a n s f e r  coef f ic ien t  h acco rd ing  to the e x -  
p e r i m e n t a l  cu rve  of su r f ace  t e m p e r a t u r e  var ia t ion .  

It fol lows f rom the r educed  r e l a t ions  that  the s e r i e s  
(4) is a l t e rna t i ng ,  and, m o r e o v e r ,  

1 & l  > I A,.~ i; a~ < (h,,t. (5) 

If s e v e r a l  so lu t ions  were  obtained a f te r  this  was in -  
s e r t e d  in the a u t o - s e a r c h  s y s t e m ,  the r e q u i r e d  s o l -  
ution could be chosen  f rom the addi t ional  condit ion 

r ~an/a/tg r V~a-~/a =: const. (6) 
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NOTATION 

| state pa rame te r  ( temperature ,  
concentration, etc. ); x, y, z--coordinate var iables;  
~- - thermal  conductivity; Ampli--dc amplif ier ;  S i -  
switching circuit;  DSi--discharge switch; R - - r e s i s -  
tance; C--capaci tor ;  D--semi-conductor  diode type 
D220A; T-- t r iode tube type 6NIP; Uex--output (am-  
plifier) voltage, proportional  to the quantity | E- -  
supply voltage; Uc--control  voltage; Eb--diode cha-  
rac te r i s t i c  operating point bias voltage, shaped on 
capaci tor  Cb; RfD 4 - f o r w a r d  diode res is tance,  
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